Abstract Quasi-Monte Carlo methods are used for numerically integrating multivariate functions. However, the error bounds for these methods typically rely on a priori knowledge of some semi-norm of the integrand, not on the sampled function values. In this article, we propose an error bound based on the discrete Fourier coefficients of the integrand. If these Fourier coefficients decay more quickly, the integrand has less fine scale structure, and the accuracy is higher. We focus on rank-1 lattices because they are a commonly used quasi-Monte Carlo design and because their algebraic structure facilitates an error analysis based on a Fourier decomposition of the integrand. This leads to a guaranteed adaptive cubature algorithm with computational cost O(mb m ), where b is some fixed prime number and b m is the number of data points.
Introduction
Quasi-Monte Carlo (QMC) methods use equally weighted sums of integrand values at carefully chosen nodes, 1 n n−1
to approximate multidimensional integrals over the unit cube,
Integrals over more general domains may often be accommodated by a transformation of the integration variable. QMC methods are widely used because they do not suffer from a curse of dimensionality. For example, if d ≥ 5, QMC methods with an error of O(n −(1−δ ) ) have a faster convergence rate than the tensor product composite Simpson's rule, which has error of O(n −4/d ). The existence of QMC methods with dimension-independent convergence rates is discussed in [9, .
The convergence rate O(n −(1−δ ) ) does not give enough information about the absolute error to determine how large n must be to satisfy a given error tolerance, ε. The objective of this research is to develop a guaranteed, QMC algorithm based on rank-1 lattices that determines n adaptively by calculating a data-driven upper bound on the absolute error. The Koksma-Hlawka inequality is impractical for this purpose because it requires the total variation of the integrand. Our data-driven bound is expressed in terms of the integrand's discrete Fourier coefficients.
Sections 2-4 describe the group structure of rank-1 lattices and how the complex exponential functions are an appropriate basis for these nodes. For computation purposes, there is also an explanation of how to obtain the discrete Fourier transform of f via a Fast Fourier Transform, with an O(n log(n)) computational cost. The new contributions are described in Section 5 and 6. Initially, a mapping from N 0 to the space of wavenumbers, Z d , is defined according to constraints given by the structure of our rank-1 lattice node set. With this mapping, we define a set of integrands for which our new adaptive algorithm is designed. This set is defined in terms of cone conditions satisfied by the (true) Fourier coefficients of the integrands. These conditions make it possible to derive an upper bound on the rank-1 lattice rule error in terms of the discrete Fourier coefficients, which can be used to construct an adaptive algorithm. An upper bound on the computational cost of this algorithm is derived. Finally, there is an example of option pricing using the MATLAB implementation of our algorithm, cubLattice g, which will be part of the next release of the Guaranteed Automatic Integration Library [1] . A parallel development for Sobol' cubature is given in [4] .
Rank-1 Integration Lattices
Let b be prime number, and let F n := {0, . . . , n − 1} denote the set of the first n nonnegative integers for any n ∈ N. The aim is to construct a sequence of embedded node sets with b m points for m ∈ N 0 :
From this definition it follows that for all m ∈ N 0 ,
Next, for any i ∈ N with proper b-ary
where (2) was used. This means that node set P m defined above may be written as the integer multiples of the generating vector z z z b m−1 since
Integration lattices, L , are defined as discrete groups in R d containing Z d and closed under normal addition [11, Sec. 2.7-2.8]. The node set of an integration lattice is its intersection with the half-open unit cube, P := L ∩ [0, 1) d . In this case, P is also a group, but this time under addition modulo 1, i.e., the addition operator ⊕ : The sets P m defined above are embedded node sets of integration lattices. The sufficiency of a single generating vector for each of these P m is the reason that P m is called the node set of a rank-1 lattice. The theoretical properties of good embedded rank-1 lattices for cubature are discussed in [5] .
The set of d-dimensional integer vectors, Z d , is used to index Fourier series expressions for the integrands, and Z d is also known as the wavenumber space. We define the bilinear operation ·, · :
This bilinear operation has the following properties: for all t t t,
An additional constraint placed on the embedded lattices is that
The bilinear operation dedined in (4) is also used to define the dual lattice corresponding to P m :
by (3) and (5b).
By this definition P ⊥ 0 = Z d , and the properties (2), (4), and (6), imply also that the P ⊥ m are nested subgroups with
For finite node m the dual lattice P ⊥ m contains infinitely many points. Figure 1 shows an example of a rank-1 lattice node set with 64 points in dimension 3 and its dual lattice. The parameters defining this node set are is b = 2, m = 6, and z z z 32 = (1, 27, 15)/64. 
Fourier Series
The integrands considered here are absolutely continuous periodic functions. If the integrand is not initially periodic, it may be periodized as discussed in [3] , [10] , or [11, Sec. 2.12]. More general box domains may be considered, also by using variable transformations, see e.g., [6, 7] .
may be written as its Fourier series as
and the inner product of two functions in L 2 ([0, 1) d ) is the ℓ 2 inner product of their series coefficients:
Note that for any z z z ∈ P m and k k k ∈ P ⊥ m , we have e 2π
The special group structure of the lattice node set, P m , leads to a useful formula for the average of any Fourier basis function over P m . For all k k k ∈ Z d and z z z ∈ P m , it follows that
Thus, the average of a Fourier basis function sampled over the points in a lattice node set is either one or zero, depending on whether the wavenumber k k k is in the dual lattice or not:
This property of the dual lattice is used below to describe the absolute error of a shifted rank-1 lattice cubature rule in terms of the Fourier coefficients for wavenumbers in the dual lattice. For fixed ∆ ∆ ∆ ∈ [0, 1) d , the cubature rule is defined aŝ
Note from this definition thatÎ m e 2π
Using the series decomposition defined in (9) and equation (10), it follows that
The Fast Fourier Transform for Function Values at Rank-1 Lattice Node Sets
Adaptive Algorithm 1 (cubLattice g) that is constructed in Section 6 has an error analysis based on the above expression. However, since the true Fourier coefficients are unknown, they must be approximated by the discrete Fourier coefficients, which are defined as follows:
It is seen here that the discrete transformf m (k k k) equals the integral transformf (k k k), defined in (9), plus aliasing terms corresponding tof (k k k + l l l) scaled by the shift, where l l l ∈ P ⊥ m \ {0 0 0}. To facilitate the calculation off m (k k k), we define the map ν m :
This implies that k k k, z z z i , which appears in the cubature formula used to computẽ f m (k k k), may be written as
The map ν m depends on the choice of the embedded rank-1 lattice node sets defined in (1) and (3). We can confirm that the right hand side of this definition lies in F b m by appealing to (1) and recalling that the a a a ℓ are integer vectors:
Moreover, note that for all m ∈ N
For all ν ∈ N 0 with proper b-ary expansion ν = ν 0 + ν 1 b + · · · ∈ N 0 , let ν m denote the integer obtained by keeping only the first m terms of its b-ary expansion, i.e.,
Letting y i := f (z z z i ⊕ ∆ ∆ ∆ ) for i ∈ N 0 and considering (15), the discrete Fourier transform defined in (13a) can now be written as follows:
where for all m, ν ∈ N 0 , 
For each p one must perform O(b m ) operations, so the total computational cost to obtain Y m (ν) for all ν ∈ F b m is O(mb m ).
Error Estimation
As seen in equation (12), the absolute error is bounded by a sum of the absolute value of the Fourier coefficients in the dual lattice. Note that increasing the number of points in our lattice, i.e. increasing m, decreases the number of summands, and thus the sum. However, one can not capture how fast is this error decreasing with respect to m. Rather than deal with a sum over the vector wavenumbers, it is more convenient to sum over scalar non-negative integers. Thus, we define another mappingk k k : N 0 → Z d .
Definition 1.
Given a sequence of points in embedded lattices, P ∞ = {z z z i } ∞ i=0 definẽ k k k : N 0 → Z d one-to-one and onto recursively as follows:
This mapping is not uniquely defined and one has the flexibility to choose part of it. For example, defining a norm such as in [11, Chap. 4 ] one can assign smaller values of κ to smaller wavenumbers k k k. In the end, our goal is to define this mapping such thatf (k k k(κ)) → 0 as κ → ∞.
This mapping is one-to-one since at each step the new valuesk k k(κ + ab m ) or k k k(κ + a ′ b m ) are chosen from sets of wavenumbers that exclude those wavenumbers already assigned tok k k(κ). The mapping can be made onto by choosing the "smallest" wavenumber in some sense.
It remains to be shown that for any 
by (5b) and (14)
By choosing a ′′ such that a ′ = (a + a ′′ mod b), we have shown that the set
m } is nonempty. In order to illustrate the initial steps of a possible mapping, consider the first two dimensions of the lattice in Figure 1 and the k k k values provided below in Table 1 . For m = 0, κ ∈ {0} and a = 0. This impliesk k k(1) ∈ { ν 1 (k k k) = 1}, so one may choosẽ k k k(1) := (−1, 0). The next step is m = 1 where κ ∈ {0, 1}. Starting with κ = 0, we needk k k(2) ∈ { ν 2 (k k k) = 2} and thus, we can takek k k (2) 
. This leaves (1, 1) to be assigned to a larger value of κ. Table 1 The values ν 1 , ν 2 and ν 3 for some wavenumbers and the assignment ofk k k(κ).
Lemma 1. The map in Definition 1 has the property that for m ∈
Proof. This statement holds trivially for m = 0 and κ = 0. For m ∈ N it is noted that
This implies that for all m ∈ N and κ ∈ F b m ,
By Definition 1 it follows that for m ∈ N and κ ∈ F b m ,
Recursion on the right side implies
Recursion on the left side implies
Now suppose that l l l is any element of
where the overbar notation was defined in (17). According to (21) it follows that
. Since κ ′ m and κ are both in F b m , this implies that κ ′ m = κ, and so
)}, and the lemma is proved.
⊓ ⊔
For convenience we adopt the notationf κ :=f
. Then, by Lemma 1 the error bound in (12) may be written as
and the aliasing relationship in (13b) becomes
Given an integrand with absolutely summable Fourier coefficients, consider the following sums defined for ℓ, m ∈ N 0 , ℓ ≤ m:
Note that S ℓ,m ( f ) is the only one that can be observed from data because it involves the discrete transform coefficients. In fact, from (18) one can identify f m,κ = Y m ( ν m (k k k(κ))) and our adaptive algorithm will be based on this sum bounding the other three, S m ( f ), S ℓ,m ( f ), and q S m ( f ), which cannot be readily observed. Let ℓ * ∈ N be some fixed integer and ω andω be some bounded non-negative valued functions. We define a cone, C , of absolutely continuous functions whose Fourier coefficients decay according to certain inequalities:
We also require the existence of r such that ω(r)ω(r) < 1, which happens, for instance, if lim r→∞ω (r) = 0. This set is a cone, i.e. f ∈ C =⇒ a f ∈ C ∀a ∈ R, but it is not convex. A wider discussion on the advantages and disadvantages of designing numerical algorithms for cones of functions can be found in [2] .
Functions in C have Fourier coefficients that do not oscillate wildly. This property allows us to estimate the cubature error reliably.
The first inequality controls how an infinite sum of some of the larger wavenumber coefficients are bounded above by a sum of all the surrounding coefficients. In Figure 2 for example, the sum of the large black dots corresponds to S 0,12 ( f ), and the sum of the small dark gray dots corresponds to q S 12 ( f ). The former sum also corresponds to the error bound in (22).
The second inequality controls how the sum of some larger wavenumber coefficients are bounded above by a finite sum of some small wavenumber Fourier coefficients. Again, in Figure 2 we can see how S 8 ( f ) can be used to bound q S 12 ( f ). This second inequality essentially says that the fine scale of the integrand cannot be too large compared to the coarser scale of the integrand.
For small ℓ the sum S ℓ ( f ) includes only a few summands. Therefore, it could accidentally happen that S ℓ ( f ) is too small compared to q S m ( f ). To avoid this possibility, the cone defintion includes the constraint that ℓ is greater than some minimum ℓ * .
Because we do not assume the knowledge of the true Fourier coefficients, for functions in C we need bounds on S ℓ ( f ) in terms of the sum of the discrete coefficients S ℓ,m ( f ). This is done by applying (23), and the definition of the cone in (24): 
and provided that ω(m − ℓ)ω(m − ℓ) < 1,
By (22) and the cone conditions, the above inequality implies a data-based error bound:
Based on this conservative bound an adaptive algorithm is constructed in the next section.
In Section 4, the computation of S m−r,m ( f ) is described in terms of O(mb m ) operations. Thus, the total cost of Algorithm 1 is,
Numerical Example
Algorithm 1 has been coded in MATLAB as cubLattice g in base 2, and is scheduled to appear in the next release for the Guaranteed Automatic Integration Library, [1] . For testing it, we priced an Asian call with geometric Brownian motion, S 0 = K = 100, T = 1 and r = 3%. The test is performed on 500 samples whose dimensions are chosen IID uniformly among 1, 2, 4, 8, 16, 32, and 64, and the volatility also IID uniformly from 10% to 70%. Results, in Figure 3 , show 97% of success meeting the error tolerance. The algorithm parametrization according to the cone chosen by default was ℓ * = 6, r = 4 and C(m) = 5 × 2 −m . However, the results are strongly dependent on the generating vector that was used for creating the rank-1 lattice embedded node sets. The vector applied to this example was found with the latbuilder software from Pierre L'Ecuyer and David Munger [8] , in the special case of a maximum of 2 26 points, d = 250 and weights γ j = j −2 . The best choice of generating vector for cubLattice g needs further research. 
Discussion and Future Work
Quasi-Monte Carlo methods rarely provide guaranteed and adaptive algorithms. Developing a new methodology to bound the absolute error via the discrete Fourier coefficients has allowed us to build an adaptive automatic algorithm guaranteed for cones of integrands. The definition of cone is a challenging new viewpoint whose non-convexity leads to a nonlinear algorithm, and the complexity of the integration problem over this set may be hard to analyze. Our algorithm provides an upper bound on the complexity, but we have not yet obtained a lower bound. In the future, we also hope to link this work to other results provided in the literature by drawing a correspondence between our cone of integrands and more common spaces of integrands, like the Korobov spaces. Finally, we are also interested in extending our algorithm to accommodate a relative error tolerance and study the impact of the dimension in it as well as establishing the best generating vector.
